Abstract-Evidence
I. INTRODUCTION
Unfortunately, nowadays, mathematical proofs of chaotic behavior in electrical circuits are still rare. This also applies to dc-dc converters. Laboratory experiments and computer simulations are abundant in the literature regarding the dc-dc voltage-controlled buck converter ( [3] , [4] , [5] , [6] ), but there are very few mathematical works about it ( [2] is a remarkable exception). In [2] a deep analysis of the non-smooth dynamics of this converter was established, including local analysis of grazing and sliding phenomena. This was used to explain the spiral bifurcation structure of some ¿Ì and Ì periodic orbits [5] .
The experimental basis of the present study is a DC-DC buck converter whose output voltage is controlled by a PWM with natural sampling and constant frequency, working in continuous conduction mode. This circuit is one of the simplest but most useful power converters, a chopper circuit that converts a dc input to a dc output at a lower voltage (many switched ½ This work was partially supported by CICYT under Grant TAP97-0969-C03-01 mode power supplies employ circuits closely related to it). The two circuit topologies are described by two systems of linear differential equations 2
where ¾ Å´¾ ¢ ¾ Êµ, ¾ Å´¾ ¢ ½ Êµ, Ü ´Ü ½ Ü ¾ µ Ø ¾ Ê ¾ and Ù is a two-valued function.
It is worth noting that in each topology the system is linear, and analytical solutions can easily be computed. Solutions for system (1) can be obtained by joining trajectories of both topologies at the switching instants.
A. The Stroboscopic Map
Keeping the notation of [3] , [4] , the parameters of the circuit are: Ê, , and Ä, the resistance, the capacitance and the inductance of the circuit; Î Ä and Î Í , the lower and upper voltages of the ramp and Ì , its period; , the gain of the amplifier; Î Ö , the reference voltage, and Î Ò , the input voltage. The values for the parameters which will be assumed in this paper are like in [3] , [4] closed otherwise. Thus the circuit shows two topologies which simulate the effect of the diode. The operation described is known as continuous conduction mode (CCM), since the current in the inductor is never zero.
The buck converter can be modeled as a discontinuous, piecewise linear vector field. Note that since Ú Ö´Ø µ is Ì -periodic, system (1) is also Ì -periodic.
Thus the Poincaré or stroboscopic map can be easily defined as
where Ø is the flow generated by the solutions of the system. Since the vector field is piecewise continuous the flow Ø´Ü µ is continuous but only piecewise differentiable (piecewise smooth). This property is inherited by the Poincaré map, which is continuous, but only piecewise smooth. It is clear that the number of switchings in the control ramp during a cycle introduces the lack of smoothness in the Poincaré map È .
The considered global Poincaré map naturally arises from the sampling process in the oscillatory forced system. It is shown that this map belongs to the class of two dimensional invertible continuous but only piecewise smooth maps.
II. SMALE HORSESHOE TRANSFORMATIONS
With the help of mathematical (geometrical) transformations, it can be deduced that È transforms a vertical line Ö Ð into a double spiral × Ù and a double spiral × Ð into a vertical line Ö Ù . Also, it can be shown that there exists some curves which divide the phase space the other branch), with Fig. 1 ).
The following notation will be used to distinguish between the different parts of the spirals and the lines such that
In order to study the images of the regions Ê ¦ Ò under the Poincaré map È in the next subsection we compute here the images of points
We claim that the relation between the mentioned points and their images as displayed in Fig. 2 is qualitatively the same for all the parameters in our range of work.
As an example, we claim that È´Ô ½ ½ µ ¾ Ö Ù and its current component is greater than that of Ü Ù È´Ü Ð µ.
Hence, the voltage component of the trajectory starting at Ô ½ ½ hits the ramp only at the lower and upper ends, remaining all the time below it. Knowledge that no grazing trajectories are allowed for our range of parameters together with an elementary analytical computation shows that the derivative of our voltage at the end of the ramp is greater than that of the ramp. The claim follows then using the relation between and Ú Ø , and Ù ÚÙ Ê · Î Í Î Ä Ì . Similar arguments can be used to prove the other relations.
The Poincaré map È transforms a vertical line Ö Ð into a double spiral × Ù focused at Ü Ù in the phase space, and also transforms a double spiral × Ð focused 00 00 11 11 0 0 1 1 00 00 11 11 00 00 00 11 11 11 00 00 11 11 00 00 11 11 00 00 00 11 11 11 00 00 00 11 11 11 00 00 11 11 00 00 11 11 00 00 11 11 0 0 1 1 00 00 11 11 00 00 00 11 11 11 00 00 11 11 00 00 00 11 11 11 00 00 00 11 11 11 00 00 11 11 00 11 00 11 00 11 00 00 11 11 00 00 11 11 00 00 11 11 00 11 00 11 00 00 11 11 00 11 00 11 00 11 00 00 11 11 00 00 11 11 00 11 00 00 11 11 00 00 11 11 00 11 00 00 11 11 00 00 11 11 00 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 at Ü Ð into a vertical line Ö Ù . This is symptomatic of a folding action in the phase space and can result in a horseshoe mechanism embedded in the Poincaré map, giving rise to an invariant set with sensitive dependence on initial conditions. This folding mechanism can be analytically deduced with only continuity arguments. Specifically, if a rectangular region Ê containing the point Ü Ð is chosen in the phase space, it can be deduced that the image È´Êµ is folded many times around the point Ü Ù . We will show that certain little strips are stretched and folded. Thus È contains a expanding-contracting-folding action, which is clearly seen in the figures.
Concretely, the double spiral × Ð has two branches, × · Ð and × Ð ; È maps each branch to a half-line in Ö Ù . Since points labeled 10,9,8,. . . ,3,2,1 in Note that the lightly shaded little strip contained in Ê ¾ (see Fig. 4 ) is stretched and folded, and its image is a large strip contained in È´Ê ¾ µ (since the original strip has one side on one branch of × Ð and another side on the other branch of × Ð , its image must have one side on Ö · Ù and other side on Ö Ù ). Note also that the black strip in Ê · ½ Ê · ¾ Ê · ¿ is stretched and folded around Ü Ù due to the stretching and folding action on the regions Ê Ò . Thus È contains a expanding-contractingfolding action, clearly seen in Fig. 4 .
From this figure, it can be deduced that the image of a region Ê totally included in only one region Ê · Ò or Ê Ò will be deformed, but it will not spiral around Ü Ù . However, when È is applied to a region Ê which has no empty intersection with at least four consecutive regions, then at least one turn around Ü Ù exists.
Moreover, for a certain value of the parameters (with Î Ò Î ¼ Ò ), a Ì -periodic orbit with È ´Ü Ù µ Ü Ð can be numerically found [2] . Thus for this value, a rectangular region Ê near Ü Ð like that in Fig. 3 is first transformed by È into a spiral-like region È´Êµ near Ü Ù which includes the point Ü Ù . Then the successive mappings È ¾´Ê µ È ¿´Ê µ È ´Êµ do not change qualitatively the shape of the region, because no more than two crossings in the ramp occur in each cycle. So, È ´Êµ has the same spiral-like shape as È´Êµ. Finally, when È is applied once more on È ´Êµ, since È ´Ü Ù µ Ü Ð , this region turns back near Ü Ð . Summarizing, a rectangular region near Ü Ð is mapped by È to a spiral-like region centered also at Ü Ð . Then a horseshoe mechanism must be found near Ü Ð for the map È when the parameter Î Ò is in a certain range including Î ¼ Ò .
Although rectangular regions can be found near Ü Ð which are mapped by È into spiral-like regions centered at Ü Ð , this is not enough to conclude the existence of an invariant set with horseshoe dynamics.
The regions Ê and È ´Êµ must intersect in a certain way for the existence of an invariant set to be proven. In order to see this, let us consider two con- Although a partition of the phase space into an infinite number of regions labelled by the number of crossings in the ramp exists for every value of the bifurcation parameter Î Ò , this is not sufficient to guarantee the existence of stable chaotic motion. For Î Ò ¾ Î , a Ì organising orbit does not exist. The regions of multiple switchings are mapped by È too far from Ü Ð , i.e. too far from the regions of many switchings, and the resulting stationary behavior is ¾Ì-periodic. Some reinjection mechanism must be introduced into the system to obtain some recurrent behavior near the zone of multiple crossings. This mechanism is provided by a 5T-periodic sliding orbit which passes through the center of the regions, Ü Ð . Thus, near Î Ò ¿ Î , where this 5T-periodic sliding orbit was found, the evolution of the trajectories is chaotic, as it has been numerically observed in [3] , [4] , [2] , [7] .
For Î Ò ¿ Î , the regions of multiple switchings are bigger than in the previous case. Moreover, the regions are mapped by È just on the organizing center at Ü Ð , and Ì -recurrent chaotic behavior is obtained.
III. CONCLUSIONS
The existence of a horseshoe mechanism embedded in the Poincaré map has been proven by means of the transformations of the regions of multiple crossings, which are a natural partition for the phase space, and stable chaotic motion has been justified with the existence of a 5T-periodic sliding orbit near the horseshoe mechanism.
Although the results of this paper are specialized to a concrete application to power converters, the discussion of the transformations of the regions by the Poincaré map can be interesting in other situations. The conjunction of the existence of a certain periodic orbit and particular twisted transformations in the Poincaré map (spirals to straight lines and viceversa) may be detected in other applications, and the results of this paper can be applied.
